Multiple-q states organizing complex magnetic structures such as skyrmions are exotic states of matter in magnetic crystals. We discover by extensive Monte Carlo simulations a new type of multiple-q state, "ripple state", in a frustrated honeycomb-lattice Heisenberg antiferromagnet under magnetic fields. The classical ground state has been known to have an infinite ring-like degeneracy in the wavevector space, exhibiting a highly correlated paramagnetic state, "ring-liquid" state, accompanied by a ring-like spin structure factor. We elucidate that the system near the antiferromagnetic phase boundary exhibits the ripple state as a new thermodynamic phase via a second-order phase transition from the ring-liquid state, keeping the ring-like spin structure factor. The corresponding spin texture in real space looks like a "water ripple", which can be regarded as a superposition of an infinite number of spiral wavevectors on the degenerate ring. Possible relationship to the honeycomb-lattice spin-liquid compound, Bi3Mn4O12(NO3), is discussed.
In the past decade, a honeycomb-lattice system has attracted much attention in condensed matter physics. One famous example is the hexagonal thin layer of pure carbon, graphene [1] , exhibiting Dirac points in its electronic band structure. The exactly solvable Kitaev honeycomb model [2] , an interacting spin system with strong competition among highly anisotropic spin-orbit-type interactions, is also a celebrated example. This model exhibits an intriguing quantum spin liquid state [3] accompanied by emergent fractionalized excitations.
Even before the advent of the Kitaev model, the J 1 -J 2 classical antiferromagnetic (AF) Heisenberg model on the honeycomb-lattice with the competing nearest-neighbor (NN) and next-nearest-neighbor (NNN) interactions, J 1 and J 2 shown in Fig. 1a , was known as a possible candidate of a spin liquid state. Although the honeycomb lattice is bipartite and can accommodate the conventional two-sublattice AF order, the frustration effect due to the competition between the NN and NNN interactions leads to highly degenerate ground states [2, 4] , and the associated fluctuations tend to suppress the spin ordering. In its classical ground state, an infinitely degenerate manifold consisting of a set of spiral states characterized by generally incommensurate wavevectors q, which form the ring-like pattern surrounding the AF point in the reciprocal space, appears when J 2 is moderately strong, 1/6 < J 2 /J 1 < 0.5. Typical ground-state ring-like degenerate lines are shown in Fig. 1b for several J 2 /J 1 -values.
Interest in this J 1 -J 2 honeycomb antiferromagnet has been accelerated by the recent experiments on the S=3/2 bilayer honeycomb-lattice Heisenberg AF Bi 3 Mn 4 O 12 (NO 3 ) [6, 7] , which exhibits a spin-liquid-like behavior down to a low-temperature of 0.4 K, much lower than the Curie-Weiss temperature T CW −257K. Surprisingly, in spite of the short AF correlation length of a few lattice spacings in zero field, a field-induced antiferromagnetism was observed even for weak fields of 6 [T]. Okumura et al [8] theoretically pointed out that the origin of the observed spin-liquid-like behavior might be the ring-like degeneracy unique to the J 1 -J 2 honeycomb model. While the model turned out to exhibit a single-q spiral order at low enough temperatures for J 2 /J 1 > 1/6 due to the order-by-disorder mechanism, the associated energy scale can be arbitrarily small near the AF phase boundary at J 2 → 1 6 J 1 , giving rise to exotic spin-liquid states called "ring-liquid" and "pancakeliquid" states. The latter state indeed accompanies the field-induced antiferromagnetism [8] . The spin structure factor in the ring-liquid state exhibits a ring-like pattern surrounding the AF point in the wavevector space reflecting the ground-state degeneracy, while, in the pancakeliquid state, the center of the ring is 'buried' in intensity, yielding a pancake-like pattern (see also Fig. 2d and f below).
In-field ordering of frustrated Heisenberg magnets has also attracted much recent interest, since exotic multipleq ordered states with nontrivial spin textures are often realized there, composed of a coherent superposition of states with equivalent but distinct wavevectors related by the underlying symmetry of the lattice [1, 10] . One interesting example might be the J 1 -J 3 (J 1 -J 2 ) Heisenberg magnet on the triangular lattice, which exhibits an intriguing triple-q ordered state corresponding to the chiral-symmetric skyrmion-lattice state even in the absence of the Dzyaloshinskii-Moriya interaction [1] . For the in-field ordering of the J 1 -J 2 honeycomb Heisenberg antiferromagnet, recent studies have revealed exotic double-q states for moderate large values of J 2 /J 1 0.2 [3, 11] . Yet, the most interesting J 2 /J 1 -region close to the AF phase boundary, where fluctuation effects combined with the ring-like infinite degeneracy are most pronounced, remain unexplored.
In this article, we report on our finding of a new frustration-induced multiple-q state, a "ripple state", ap-
The honeycomb model and the ripple state. a, The J1-J2 Classical honeycomb-lattice Heisenberg antiferromagnet with the nearest-neighbor (black line) interaction J1, and the next-nearest-neighbor (green line) interaction J2. The lattice consists of two interpenetrating triangular sublattices, A (red site) and B (blue site). The lattice constant of the triangular sublattice, equal to the next-nearest-neighbor distance of the honeycomb lattice, is taken to be the length unit. b, The groundstate manifold lines of the model in the sublattice wavevector space for J2/J1 = 0.18 (gray), 0.3 (yellow), and 0.5 (green), where a white point at the origin q = 0 is the AF point. Red solid hexagon indicates the first Brillouin zone of the triangular sublattice. c,d, The real-space sublattice xy-spin configuration c, and the corresponding sublattice static spin structure factor d, in the ripple state at J2/J1 = 0.18. The temperature and the magnetic field are T /J1=0.01 and H/J1 = 2.5, the system size being L=240 (N =86400 spins) under open BC. In c, the color means the direction of the xy-spin, while in d the dashed gray line displays the ground-state degeneracy line for J2/J1=0.18. e, The temperature dependence of the specific heat per spin for J2/J1 = 0.18 and H/J1 = 2.5, covering from the higher-temperature paramagnetic state to the lower-temperature single-q (NNN) state. The lattice sizes are L = 120, 180 and 240 under open BC. Each arrow indicates the point at which the spin structure factor is shown in Fig. 1d , 2b, 2d and 2f. f, The temperature (T ) -magnetic field (H) phase diagram for J2/J1 = 0.18 obtained by Monte Carlo simulations.
pearing in the J 1 -J 2 honeycomb Heisenberg model in the vicinity of the AF phase boundary. The spin texture in the ripple state, shown in Fig. 1c , consists of an infinite number of the spirals running along every direction from a sample core. Hence, the spin configuration in real space looks like a "water ripple", while the corresponding spin structure factor shown in Fig. 1d keeps the ring-like pattern as the ring-liquid state does. In contrast to the ringliquid paramagnetic state, the ripple state is a thermodynamic ordered state accompanied with a spontaneous symmetry breaking, which emerges from the ring-liquid paramagnetic state via a second-order phase transition. This can be deduced, e.g., from the sharp specific-heat anomaly appearing at the onset of the ripple state, as shown in Fig. 1e . Surprisingly, however, the mechanism of order by disorder does not to work in this state, and all wavevectors on the degenerate ring equally contribute to its order.
Our target Hamiltonian is given by
where S i = (S By extensive Monte Carlo (MC) simulations, the temperature (T ) -magnetic field (H) phase diagram of the model is constructed as given in Fig. 1f . In addition to the ring-liquid and pancake-liquid paramagnetic states, there appears the ripple state introduced above, together with the two types of single-q spiral ordered states described as (NNN) and (INT), the q-vector running along the NNN direction in the former and along the lowsymmetric intermediate direction in the latter.
As shown in Fig. 1e , on decreasing T , the specific heat exhibits a rounded peak at T /J 1 0.084 corresponding to a crossover from the high-T paramagnetic state to the pancake-liquid state, a minimum at T /J 1 0.035 corresponding to a crossover from the pancake-liquid state to the ring-liquid state, then a sharp peak at T c /J 1 0.026 corresponding to a phase transition from the ring-liquid state to the ripple state, and finally a small but clear peak at T c /J 1 0.0045 corresponding to a phase transition from the ripple state to the single-q spiral state. The running direction of the spiral is entropically determined by thermal fluctuations via the order-by-disordered mechanism examined by the low-temperature expansion [3, 8, 13] . Now, we describe each phase in some details. We focus mainly on the spin xy-components, since the zcomponent parallel with the applied field usually exhibits the q=0 component only. Furthermore, since there is always a phase difference of nearly π between the spin xycomponents on the sublattices A and B, we focus below on the spins on one particular sublattice, say, the sublattice A (red sites in Fig. 1a ). Further details of the spin ordering on the two sublattices are given in supplemental information.
We show in Fig. 2a -f the real-space sublattice xy-spin configuration and the associated sublattice spin structure factor S ⊥ (q), each for the high-T paramagnetic state (a, b), the pancake-liquid state (c, d), and the ring-liquid state (e, f). In the high-T paramagnetic state, spins exhibit a 'gas-like' behavior, the corresponding S ⊥ (q) exhibiting a very diffuse pattern (Fig. 2b) . By contrast, the pancake-and the ring-liquid states exhibit enhanced short-range spin correlations as shown in Fig. 2c , e. As observed in Ref. [8] , the corresponding S ⊥ (q) show characteristic structures in the q-space shown in Fig. 2d and f. In the ring-liquid state, a pronounced ring-like pattern arises, while, in the pancake-liquid state, the inside of the ring is 'buried'. From a thermodynamic viewpoint, although these two states are still paramagnetic states, they may be regarded as cooperative paramagnets due to their high degrees of correlations developed in q-space, to be distinguished from the standard high-T paramagnetic state.
For the single-q (INT) state, the corresponding quantities are shown in Fig. 2g degenerate ring.
The most interesting pattern is obtained for the ripple state as shown in Fig. 1c lack of any directional anisotropy of the order, the associated S ⊥ (q) keeps a full isotropy of the degenerate ring shown in Fig. 1d , in spite of the occurrence of a phase transition. In spite of the low temperature T /J 1 10 −2 , the mechanism of order-by-disorder does not work, while it eventually works at a further lower temperature below the transition temperature into the single-q state, T c /J 1 0.0045: refer to the small specific-heat anomaly in Fig. 1e .
Although the ripple state is well compatible with open BC applied in Fig. 1c , one may wonder if what happens to this state if the standard periodic BC is applied. Notice that a single ripple is clearly incompatible with periodic BC. Then, we also investigate the ordering properties of the model under periodic BC. The obtained real-space xy-spin configuration of the ripple-state is shown for the L = 180 diamond cluster in Fig. 3a . In order to match the imposed periodic BC, ripples are now deformed with more than one ripple cores generated together with the interference between them. The pattern resembles the interference between two real water-ripples. This interference also results in the appearance of "branching points" shown in the boxed area of Fig. 3a , which may be viewed as defects of the ripple order. For two such defect points, we show in Fig. 3b and c their real-space xy-spin configuration. These two defect points actually correspond to a vortex and an anti-vortex. We carefully investigate the appearance pattern of the (anti)vortex across T c for both open and periodic BCs, to confirm that these (anti)vortices are externally introduced by the applied periodic BC, and are not thermal objects related the Kosterlitz-Thouless(KT)-type vortex unbinding transition [14, 15] .
Given that more than one ripple is generated at least under periodic BC, we also carefully study the possible size effect to check the possibility that the ripple state actually consists of a periodic array of ripples with very long periodicity. In Fig. 3d , we show the real-space xyspin configurations for a larger system of size L = 240 under periodic BC. A ripple pattern very much similar to Fig. 3a is observed, i.e., while more than one ripples are again generated, the size of a ripple is enlarged just as the system size L, demonstrating that the observed ripple deformation is the effect forced by periodic BC. In particular, no super-lattice structure exists in the spatial arrangement of the ripple. This is in sharp contrast to the skyrmion states which are stabilized almost always in the form of a crystal [16, 17] .
Even so, the translational symmetry is spontaneously broken in the ripple state, though in an algebraic manner (recall that the model is two-dimensional (2D) and the relevant symmetry is continuous). To see this, we examine the size and time (MC steps) dependence of the real-space spin pattern, and some of the result is shown in supplemental information. We apply periodic BC to prevent the boundary serving as a pinning center to the ripple motion. As can be seen from Fig. S3 , the spin pattern is locked during a long MC time of 2 × 10 5 steps, suggesting the spontaneous breaking of both the translation and the U (1) spin-rotation symmetries.
To further clarify the nature of the phase transition and the associated symmetry-breaking pattern, we examine the finite-size effects on physical quantities around the paramagnetic-to-ripple transition temperature T c . Fig. 4a exhibits the temperature and size dependence of the specific heat across T c , a magnified view of Fig. 1e . The peak height grows with L, suggesting the divergent anomaly occurring at T c . Fig. 4b exhibits the temperature and size dependence of the lattice threefold-rotationsymmetry (C 3 ) breaking parameter m 3 (its precise definition given in Methods) at a field H/J 1 = 2.5 associated with the ripple-state order, and at H/J 1 = 0.5 associated with the single-q spiral order. One can confirm that, although C 3 is spontaneously broken in the spiral state, it is unbroken in the ripple state.
Thus, in the ripple state, while the translation and the U (1) spin-rotation symmetries are spontaneously broken, the threefold lattice-rotation C 3 symmetry is unbroken. Since the U (1)-symmetry breaking in 2D should be of the KT type not accompanying a pronounced specificheat anomaly, the origin of the observed divergent-like anomaly requires the other type of symmetry breaking. In fact, the model retains a Z 2 symmetry associated with the spin-reflection in spin space (not in real space) with respect to an arbitrary plane including the magneticfield (z) axis, say, (S A convenient quantity to probe such a Z 2 -symmetry breaking might be the chirality. We compute the scalar chirality χ defined for three neighboring spins on each elementary triangle to examine its real-space pattern in the ripple state. Indeed, the result indicates that the Z 2 -symmetry is spontaneously broken in the ripple state. The details are given in supplemental information. We also construct a phenomenological equation reproducing the observed ripple spin texture. The details are also given in supplementary information.
In the present model, the AF short-range order (SRO) can be induced by applying magnetic fields to the "pancake-liquid" or "ring-liquid" states (see also Fig. 1f ) [8] . We compute the field-dependence of the AF order parameter m AF ≡ Fig. 4c shows the data at representative temperatures in the paramagnetic regime. The field turns out to enhance the AF SRO in the pancake (ring)-liquid region, its onset accompanied by the rise in χ z . Of course, our model is 2D, and this field-induced antiferromagnetism is only a [6] but also the field-induced antiferromagnetism [7] , which may suggest that the material might lie close to the AF phase boundary. Although the ripple order in the present model possesses only the quasi-LRO in the spin xy-components, the interlayer coupling inherent to real magnets would change it to the true LRO. Yet, the ripple state of essentially the same character as that in 2D would exist with the ripple-like spin LRO and the characteristic ring-like S ⊥ (q) with unbroken C 3 symmetry. Further experiments on the in-field ordering of Bi 3 Mn 4 O 12 (NO 3 ), preferably with a single crystal, would be desirable.
Another possible candidate might be a quantum spin liquid material, S = 1/2 quantum bilayer-kagome magnet Ca 10 Cr 7 O 28 [18, 19] . Very recently, it was suggested that this quantum material can be modeled as a semiclassical honeycomb-lattice Heisenberg model with the ferromagnetic (FM) NN and the AF NNN couplings, exhibiting a ring-liquid-like behavior with a characteristic ring-like pattern in the neutron scattering signal [20, 21] . Although J 1 is FM in this material different from the one studied here, the ring-like degeneracy in the ground state still persists even in the J 1 < 0 model for 1/6 < J 2 /|J 1 | < 0.5 [2, 4] , and some of the ordering features may be common. Further study is desirable to clarify the situation.
In summary, by extensive MC simulations, we confirm the existence of a new type of multiple-q state, ripple state, in the J 1 -J 2 classical honeycomb-lattice Heisenberg antiferromagnet under magnetic fields. The spin texture there looks like a water ripple. The possible realization of the ripple state could be expected in the frustrated bilayer-honeycomb material Bi 3 Mn 4 O 12 (NO 3 ) and the bilayer-kagome material Ca 10 Cr 7 O 28 .
Methods Monte Carlo simulation. Our MC simulations are performed on the basis of the standard heat-bath method combined with the over-relaxation and the temperatureexchange methods. Unit MC step consists of one heatbath sweep and 5-10 over-relaxation sweeps.
To take account of the strong incommensurability effect, we treat mainly hexagonal finite-size clusters with a trigonal symmetry as shown in Fig. 1a under open BC. To investigate the spontaneous translational-symmetry breaking in the ripple state, we also treat diamond clusters under periodic BC. The hexagonal (diamond) cluster contains N =3L 2 /2 (2L 2 ) spins under open (periodic) BC with 36 ≤ L ≤ 240, N being the total number of spins. Typically, our MC runs contain ∼ 10 7 MC steps, and averages are made over 1-3 independent runs.
Note that, in calculating the real-space spin/chirality configuration and the spin structure factor, we cut the temperature-exchange process. After thermalizing the system, we monitor the symmetry-breaking pattern typically during 10 3 ∼ 10 4 MC steps to detect the real-space spin/chirality configurations, and 10 4 ∼ 10 5 MC steps to compute the static spin structure factor.
Physical quantities
We define several physical quantities computed in our MC simulations. The xy-component of the sublattice spin structure factor is defined by
where r j is the position vector of the spin at site j on one particular triangular sublattice, S µ j is the spin at the site j on the sublattice µ (µ = A or B), q = (q x , q y ) is the associated wavevector, · · · is a thermal average, and the lattice constant is taken to be the NNN neighbor distance of the original honeycomb lattice. Recall that the honeycomb lattice consists of two interpenetrating triangular sublattices. Hence in our plots of S ⊥ (q), the q = (0, 0) point corresponds to the AF point of the original honeycomb system.
The local scalar chirality χ is defined for three neighboring spins located on each elementary triangle t, either upward or downward, on either sublattice A or B, by
where t A(B) denotes an elementary triangle on the sublattice A(B), while S t A(B)1 ∼ S t A(B)3 are three Heisenberg spins on an elementary triangle numbered in a clockwise fashion on a triangle.
The m 3 order parameter describing the lattice C 3 symmetry breaking is defined by
where e 1,2,3 are unit vectors running along the NN directions of the honeycomb lattice, i.e., e 1 = (0, 1), e 2 = (− √ 3/2, −1/2) and e 3 = ( √ 3/2, −1/2), and 1,2,3 are the total NN bond energy normalized per bond along the e 1,2,3 directions, respectively.
Data availability. All data that supports the plots within this paper and other findings of this study are available from the corresponding author upon request.
Ripple state in the frustrated honeycomb-lattice antiferromagnet -Supplementary information-
I. RELATION BETWEEN THE ORDERS ON THE TWO SUBLATTICES
We comment on the interrelation between the spin orders on the two interpenetrating triangular sublattices A and B. In all types of ordered states observed in the present calculation, the phase (angle) difference α between the two NN spins on the two sublattices are nearly π. So, if one rotates the xy-spin on one sublattice by nearly π, one gets the xy-spin configuration on the other sublattice. Indeed, in the ground-state degenerate manifold of the model at J 2 /J 1 = 0.18, the phase difference α is estimated as α 0.92π in the NN direction and α 0.85π in the NNN direction, which are rather close to π. In particular, chiralities on the two sublattices always have a common sign as long as they are defined both on upward (or both on downward) triangles. In Fig. S1 , we show the real-space sublattice xy-spin configuration in the ripple state for the other sublattice (sublattice B) than that depicted in Fig. 1c for the sublattice A. The parameters are taken common as those of Fig. 1c, i. e., In the ripple state, reflecting its ripple-like xy-spin configuration, the scalar chirality happens to vanish along the six symmetric lines emanating from the sample core, which corresponds to the NN direction of the original honeycomb lattice, and the chirality sign alternates in crossing these six emanating lines, forming apparent domain-like patterns. We note that such a chiral-domainlike pattern is an immediate consequence of the ripplelike spin configuration. In the single-q spiral state, by contrast, the sign of the chirality is kept uniform over the entire sample.
As mentioned above, the chirality sign is common between the sublattices A and B both in the ripple and the single-q spiral states, as long as one employs common upward (or common downward) triangles in the definition of the chirality. By contrast, the chirality sign is reversed when the chirality is defined on triangles of different orientations, upward vs. downward, as can be seen from Fig. S2a,c and Fig. S2d,f. Since the sign of the scalar chirality tends to be reversed between the upward and the downward triangles, the total net chirality over the entire sample is expected to be cancelled out not only in the single-q spiral states but also in the ripple state. Hence, no net topological Hall effect is expected, even in the apparent chiral domain of Fig. S2 . This is in sharp contrast to the triple-q skyrmion-lattice state having a total net scalar chirality [1] .
III. STABILITY OF THE REAL-SPACE SPIN/CHIRALITY CONFIGURATIONS
To examine the breaking of the translational, the U(1) and the Z 2 symmetries in the ripple state, we investigate the MC step dependence of the sublattice spin and the sublattice scalar-chirality configurations. The results obtained for the ripple state at J 2 /J 1 = 0.18, T /J 1 = 0.01 and H/J 1 = 2.5 are shown in Fig. S3 . The lattice is the L = 180 diamond cluster under periodic BC. Periodic BC is chosen here to avoid the pinning effect due to surfaces, which is inevitable in open BC. Fig. S3a -c represent the sublattice xy-spin configuration, and Fig. S3d-f the corresponding local scalar-chirality configurations. After initial thermalization employing the heat-bath, the over-relaxation and the temperature-exchange methods, we cut the temperature-exchange process and wait for 0 (a,d), 10 5 (b,e) and 2 × 10 5 (c,f) MC steps, and the shots are taken by the short-time average of 1000 MC steps to reduce the thermal noise.
As can be seen from these figures, even under periodic BC, the real-space spin and the chirality configurations are nearly locked during a long MC time of 2 × 10 5 MC steps. This observation suggests that the translation, the U (1) spin-rotation and the Z 2 symmetries are spontaneously broken in the ripple state. Of course, since our model is 2D, the breaking of the translation and the U(1) symmetries should be at most algebraic at nonzero temperatures, whereas the Z 2 symmetry could fully be broken. Such a symmetry-breaking pattern seems to be consistent with the observed second-order nature of the transition between the ripple and the ring-liquid states accompanied by the weakly divergent anomaly in the spe- cific heat shown in Fig. 4a .
IV. PHENOMENOLOGICAL EQUATION DESCRIBING THE RIPPLE STATE
We construct here a phenomenological equation reproducing the observed ripple-like spin configurations and the chiral domain patterns. We begin with the following sublattice xy-spin configurations in the single-q spiral state,
where θ is an arbitrary phase factor, α is the phase difference between the two sublattices, e 1 and e 2 are mutu- ally orthogonal unit vectors in the spin xy-plane (e 1 ⊥ e 2 ), Z = ±1 is an integer describing the Z 2 symmetry breaking, and δ µB is a Kronecker delta. In the case of J 2 /J 1 = 0.18 of our interest, α was reported to take a value close to π (see also [2, 3] ).
The ripple-like spin texture looks like to have single-q spiral configuration along any direction from the ripple core. So, we expect that the ripple spin configuration can be constructed by an infinite sum of the single-q spiral states composed by distinct ordering wavevectors lying on the degenerate ring. This simple idea leads to the equation, (2) where q m are wavevectors on the degenerate ring, m means an index of each wavevector, θ m ≡ mπ Nq , and N q is the number of treated wavevectors. We find, however, that this simple equation cannot well reproduce the observed ripple-like spin texture.
The equation describing a real water ripple is known to have a form like ∼ 1 qr sin(qr) (q ≡ |q|, r ≡ |r|). In view of this, we modify the above eq. (2) by replacing q m · r i by |q m ||r i |, and obtain the following equation, where we put Z = ±1.
Fig . S4a and b shows the xy-spin and the scalarchirality configurations obtained by this modified equation (3), where we put
and we take N q = 360 wavevectors from the degenerate ring in S ⊥ (q) observed in our MC simulation. As can be seen from the figure, the results can well reproduce the MC results shown in Fig. 1c and S2a. The Fig. S4c shows the focused view around the ripple core in Fig. S4a . The sign of the local scalar chirality is also given by +, − or 0 symbol in each elementary triangle. One notices that the local scalar chirality vanishes on any elementary triangle located along the NNN direction of the triangular sublattice (the NN direction on the original honeycomb lattice). This is simply because two out of three spins on any elementary triangle along the NNN direction of the triangular sublattice take a common direction under eq. (3), leading to a zero scalar chirality. Hence, the apparent chiral domain structure with the C 3 symmetry comes from the fact that the xy-spin orientation is determined solely by the distance from the ripple core.
It should be noticed that the degenerate ring in the wavevector space is not a true circle. For example, a careful inspection of Fig. 1d reveals that the distance from the AF point to the ring is slightly different depending on the direction, though there is the C 3 rotation symmetry. As J 2 /J 1 approaches the critical value 1/6, the ring tends to be perfect, converging to the AF point.
If we assume the degenerate ring to be perfect, we can simplify the above equation (3) 
where e θ,1 = (cosθ, sinθ) e θ,2 = (−sinθ, cosθ).
Under the assumption of the perfect ring, the ripple state could be considered as a "spherical wave" similar to the real water ripple, in contrast to the single-q spiral state which can be considered as a "plane wave". To reproduce the observed non-perfect ring behavior in the static spin structure, however, we need to treat large number of ordering wavevectors having mutually different absolute values of q. 
